


Memorandum 

To : E. W. Lane 

From : R. E. Glover 

Subject: The stable  channel problem for  coarse  ater rial. 

1. Reference i s  made t o  your memorandum oE Januav 21, 19b9, on 
the above aubject rnnd to the references quoted therein. Hefermce i a  
also  made t o  my memom~dum of F a S m r ~ t  1, 19!+9, on the above aubject 
and t o  Nr .  Swahnlrr memorandum of February 15, 1949, t o  H r .  E. W. Lsne 
on "Check o? msrtkmaticai wo~k." 

&Esz2 
2 .  In tae  wri ter la  ~ o r a n d u m  of February 1, 1949, the  ahape of 

a etable channel is derived on the baais that the tendency t o  motion of 
a par t ic le  In  the diruct.ion transverse t o  t h e  flow i s  p r o p r t i o m l  t o  
%hd d o p e  of t h e  streambed, ae mamured by t h e  tangent of the angle with  
the horieontal, and in the direction of flow i a  proportional t o  the depth 
of the stream. The shape found i n  tills way is a cosine function, In  
ik, S=In1s work t h e  tangent ma peplacad by the a h a  of the angle t o  
give a closer representation of the forces act ing on t h s  par t ic le  as 
described i n  rour Januarry 21, 1949, mamorandtrm. The channel found by 
Mr. Swain is mder than that found In the wri ter1s  or iginal  memorandum, 
and its sbga fe expm6sed i n  terns of an e l l i p t i c  integral. In the 
wurk t o  be Qsrcribed hsrein the formulation is carried one s t e p  further 
t o  account for  the raplatien of the n o m l  force component which holds 
the par t ic le  againat the bed of the stream, It will be noted, however, 
t h a t  the  ohannel rhsp  obtained in this ease is ident ical  with that 
obtained by Y!s. ~uain. This appears t o  be due t o  the  cmpenaating 
nature of the eman differences i n  the basic fonuulations. The mathe- 
matical work is developed further  in this memorandum t o  provide formulas 
f a r  ccdnputhg the croar-aactioml area and the watted perimeter of the 
s table  croas-esction. 

3.  The problem of finding a s tab le  channel rrhnpe is here based 
upon the following assumptions: 



-. ---- 
t he  submerged ;eight of the par t ic le  acting normal t o  the bed. 

b. A t  the edge of the stream the particles a re  a t  t h e  angle 
of rspoae under t h e  action of gravity. 

c. The drag force acting on a part ic le  by t h e  flowing stream 
is proportional t o  the depth of water above the part ic le .  

d. The forces tending t o  cauae motion along the  streambed are  
the  drag force of tho f l d n g  water acting i n  the direction of Row 
8nd the component of the g ra r i ty  force acting on the a u b r g e d  
par t ic le  i n  a direction transverse t o  the direction of f l x .  

e. The ratio of the resultant of the forses act ing on the 
pa r t i c l e  along t h e  streambed to the component of t h e g n v l t y  force 
normal t o  the bed i s  equal t o  the tangent of the  angle of rspoae 
f o r  t h e  material. 

f. The prtic lea are everywhem in a s t a t e  of incipient 
ins t ab i l i ty .  

I .  The cross-esatio~ of a channel i s  shown i n  Figure 1. 



acting 61- the bed tranevarse to  'the ahannel on a particle at r Pa 
bJ ein jd. The particle at x - 0 ie acted on by a drag force W rin O 
which, by assumption, is  required t o  bring it t o  the point of inaipient 
instabi l i ty .  A t  x it ie iJ a h  Q(L). The resultant of the lamer, 
acting along the bed a t  x I n  

Y 0 

Then the requirement that the particles everywhere are  on the verge of 
motion i s  

\/ ~2 sin2 + W2 a d  Q(E) 
= ton 8 

ki eoe 

If tan 8 - S 
and also 

tan jd - - % 
sin 

COB 

Then after substitution and reamng-nt 

2 2 .  2 - S 

After squaring both aides t h i e  becoma 





Thi. is an ell iptic intsgral of the second kind and the .ool&oa of ths 
differential  quatian can h put in the form 



Then, from / / I .  



from 2 
1 + S F )  

yo 
IA - - yo 7- 

* ' I  

B 2 
I s2(l - (-1 ) 

yo , 

with u = E 
Yo 

a -  -Yo 
s2(1 - u2) 2 f u Y - a  1 . . 

. 
evaluate th i s  integral, let 

z2 a P - u2 u= 2 l a 2  du-  - Z d 
P1 

.ch, on mbatftution, transftarars the above ir&sgral t o  

a ' yo 1)- 7 d z  

0 

+ 32 - 2, t h e  required i n t e r n  i. 7 

I [ + ......(B) 
z- a 

5 .  Suanaam of forwlau. The stsrbde &ge i r  givtm 

( 1  '+E ( K , W  ................................ (3) 
Jo 



The perhter of the whole.raetion is 2p - P.  Then 

whore . 
m = si 

S 

The of the whole omse-eaction irr ;la = A .  Then 
I 

I - ........ A - y2 [in + m2 arc aim (&I (10) 
m 

The top width of the stream i a  given by 

3 a L (x, .............................. $1 (U) 

The elliptic MegrsL  
TT - 
2 .. E ( K . ~ )  . \ p - x Z c  e . . . . . .  .* i.1 

I s  ha& as tha o a p l . t e  el l iptic integral of the stmood W. Tabular 
valuss may bo found i n  the refersnees men prdoue ly .  




